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Abstract 

A generalized Mach-Zehnder-type interferometer equipped with cross- 
Kerr elements is proposed to convert iV-photon truncated single-mode 
quantum states into (iV+l)-mode single-photon states, which are suit- 
able for further state manipulation by means of beam splitter arrays and 
ON/OFF-detections, and vice versa. Applications to the realization of uni- 
tary and non-unitary transformations, quantum state reconstruction, and 
quantum telemanipulation are studied. 
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1 Introduction 



As a consequence of photon number conservation, the cross-Kerr interaction offers 
an ideal playground for quantum state engineering, and a number of applications 
have been studied, such as quantum non-demolition measurement, quantum state 
preparation and detection, quantum teleportation, and the implementation of 
quantum logic gates. The following examples reflect this variety of fields touched 
upon. A theoretical study of quantum non- demolition measurement of the pho- 
ton number of two optical modes based on cross-Kerr couplers in combination 
with a Mach-Zehnder-interferometer is carried out in [IJ]. In [Q, an experimental 
review with emphasis on back-action evading measurements on optical soliton 
pulses propagating in fibers is given. The preparation of Schrodinger cat-like 
states by employing the cross-Kerr interaction in conditional measurement is dis- 
cussed in 0, including a study of the effect of damping. In 0], the use of a 
ring cavity equipped with a cross-Kerr element and an ON/OFF-detector with 
arbitrary efficiency is proposed to project a desired Fock state out of a coherent 
state, and in a chain of such ring cavities is used to measure the photon num- 
ber statistics of a signal. In |J, a realization of a Bell state measurement based 
on the cross-Kerr interaction is suggested and its application to teleporting the 
polarization state of a photon investigated. In J7J, a fibre-optic non-linear Sagnac 
interferometer working as an optical switch is analysed and its application as 
an optical regenerator examined. The implementation of a quantum phase gate 
operating on two polarization qubits is considered in || . Entanglement purifica- 
tion generating maximally entangled states from Gaussian continuous entangled 
states by applying cross-Kerr interactions in conditional measurement is studied 
in §. 

Within classical optics, the cross-Kerr interaction is described as a third-order 
deviation from linearity of the polarization induced in a medium by an electric 
field, so that strong fields are expected to be required for its observation. In 
contrast, setups discussed within quantum optics and quantum information pro- 
cessing often operate with superpositions of low-excited Fock states. An enhance- 
ment of the "classical" nonlinearity is therefore required for its applicability in 
the domain of weak fields. Quantum effects such as electromagnetically induced 
transparency could offer a way to realize this enhancement []I0[|-||13|. An alter- 
native are proposals entirely based on the nonlinearity hidden in the quantum 
measurement process |T1] . 

In the present article we assume an interaction of the form K = exp(i/tnino) 
with k G [0, 27r] and show that it can be used, in combination with beam splitter 
arrays and ON/OFF-detectors, to convert iV-photon truncated single-mode quan- 
tum states into (iV-l-l)-mode single-photon states and vice versa. Such a converter 
offers novel possibilities of arbitrary single-mode quantum state engineering. As 
potential applications, we consider the realization of unitary and non-unitary op- 
erators, overlap measurements with orthogonal and non-orthogonal sets of states 
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H| , and quantum telemanipulation. In general, it should be noted that finite di- 
mensional quantum systems play an important role in the study of basic quantum 
state engineering and detection techniques |0-|jT7|. 



An ON/OFF-detector is a photodetector able to distinguish between presence 
and absence of photons and may be realized by an avalanche-triggering photodi- 
ode. Since the total photon number of single-photon states is one, the detection 
of presence of photons can be done with any (non-zero) quantum detection ef- 
ficiency. Placing emphasis on the main principle, we will however assume unit 
detection efficiency throughout the work. 

The article is organized as follows. After introducing quantum state conver- 
sion in section ^|, a proposal of its practical implementation is made in section [3[ 
Application to quantum-state engineering is considered in section [|. Sections [| 
and | are devoted to applications to quantum-state measurement and quantum 
telemanipulation respectively. Finally, a summary and some concluding remarks 
are given in section |7|. 
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2 Quantum state conversion 



Let g be an arbitrary quantum state in a source Hilbert space and Y(u) the 
operator that, as a result of a measurement with outcome u, converts g into a 
state g' = g'(uj) in an isomorphic target Hilbert space according to 

g' = ^Y(u)gY\u), (1) 

where 

P (u) = {Y\u)Y(uj)) (2) 

is the corresponding success probability, and the operators Y'(u) Y(uj) must re- 
solve the identity in the source space, J^u, Y^{uj) Y(u) = I. 

In what follows we restrict our attention to the source space 7i a spanned 
by the fc-photon single-mode states \k) = 1 / 2 a"*' fc |0) a , where k = 0, . . . , N, and 
the target space Hb spanned by the (iV-l-l)-mode single-photon states defined by 
\fk) — ^fc|0)&o " " " |0)bjv- Isomorphic mapping can be realized if 

N 

~ Aa := X>*> (k\- (3) 

fc=0 

Each state \ip) a in TC a and each operator O a acting on a state in 7i a can then be 
related to their counterparts \ip)b an d Ob in TL b) respectively, according to 

\4>)b = Pba\4>)a, (4) 
Ob = PbaOaPL ( 5 ) 

and vice versa. 



It is well known [IS] that by combining U(2)-beam splitters to an array one can 
construct a 2(A r +l)-port which may be described by a transformation operator 
U obeying 

N 

U r b k U = J2 U u b i> ( 6 ) 

1=0 

where the Z7jy = (fk\U\ipi) can form any U(A^+l)-group matrix. In Hb, U acts 
therefore as an arbitrary unitary operator 

N 

U b = (P ba PL)U(P ba PL) = £ \<Pk)((Pk\U\<Pi){<Pi\. (7) 

k,l=0 

Moreover, measurement-assisted state preparation in Tib only requires ON/OFF- 
detectors, which suggests that quantum-state engineering may be easier in 7i h 
than in 7i a . In order to subject a state in 7i a to a desired transformation, it 
could therefore be of advantage to convert it first into the corresponding state in 
Tib, then to transform it there, and eventually the transformed state is converted 
back into a state in an isomorphic single- mode space 7i a '- 
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3 Implementation of a quantum-state converter 
3.1 Conditional operation 

Let us combine two 2(iV + l)-port beam splitter arrays W and Wt to a 2{N + 
l)-port Mach-Zehnder interferometer and place inside N+ 1 cross-Kerr couplers, 
which realize the transformations 



as shown in figure [l|. 
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Figure 1: Basic scheme of the quantum-state converter M. Two 2(N + l)-port beam splitter 
arrays W and W' are combined to a 2(A r + l)-port Mach-Zehnder interferometer equipped 
with cross-Kerr couplers K$, . . . , K^. 

The action of the whole device becomes 
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(9) 



where 



V = W ] exp (i Kkb\hk \ W 



(10) 



describes a 2(N + l)-port beam splitter array acting in 7i b as a unitary operator 



N 



(11) 



fc=0 
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The decomposition flTTj ) reveals that the eigenvalues can be controlled by the 
strengths n k of the cross-Kerr interactions and the eigenbasis by the parameters 
of the beam splitter array W. Thus V& can take the form of any unitary operator 
in Hb- Let us choose 



In this case, Vj, takes the form of 

N 



(12) 



(13) 



k=0 



where 
VJ = P, 



k + 1] = k + ImodiV + 1. Note that the single-mode counterpart 



* baVb-Pba 1S the unitary Pegg-Barnett phase operator [|T9 



Next, let us specify in more detail the states of the modes and the measure- 
ments to be performed (figure H). 
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Figure 2: Quantum-state converter for (a) realizing the transformation operator Y given in 
( |l9| ) and (b) the adjoint Y"f (M, setup according to figure [l]; Uk, beam splitters with trans- 
mittances T^; D*, device for detection of the state D, ON/OFF-detectors for detection of 
presence or absence of photons) . 

In figure 0(a), each of the outgoing 6-modes of device M is coupled to a c-mode 
according to 



UlbkUk — T k b k + .RfcCfc, |TJ 2 + \R k 



(14) 



by means of N+l separate beam splitters U k - From ( |i~4|) it follows that 

Ck (0\U k \0)c k =Tp k , (15) 



as is shown in the appendix. The incoming 6-modes of device M are prepared in 
the state \ipo), while the incoming c-modes are prepared in vacuum states. If the 
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outgoing c-modes are detected in vacuum states while the outgoing a-mode of 
device M is detected in a state |\&), then the combined setup converts, according 
to (|I]), a 7i a -input state of the a-mode into a H&-output state of the 6-modes, 
where the transformation operator can with (|15|) be written as 

F(0 co ,...,0 CiV ,^) 



We assume that none of the Fock expansion coefficients of disappears, 

|<A:|*)U : = min(|(0|*}|, . . . , |<iV|*>|) > 0, (17) 

and choose 

r k = (^iky'Kk^)^. (is) 

Note that the term |(A;| 1 i r )| m in has been introduced to obtain |T fc | e [0, 1], thus 
ensuring the feasibility of the beam splitter transmittances 7& needed. Applying 
@ and (0), we see that (|16|) takes the form of @, 

Y(0 co ,...,0 CN ,^) = \(k\^)\ min P ba , (19) 

and the joint probability (|2|) of detecting vacuum states |0) Cfc as well as the state 
becomes 

p(o co ,...,o cjv ,^) = (yt( 0co) ...,o CJV ,*)y(o co ,...,o CJV ,*)) 

= KWlLr (20) 

In figure |^(b), the device runs backwards, i.e., the output ports are used as inputs, 
replacing detection of a given state with its preparation and vice versa. These 
changes are described by replacing (|T6| ) with its adjoint. That is, if the incoming 
a-mode is prepared in the state |\&) and the incoming c-modes are prepared in 
vacuum states, while the state |<^ ) |0) co • • • |0) CJV is measured by detecting photon 
presence in the outgoing 6 -channel, then a 7ifc-input state of the 6-modes is 
converted, according to ([I]), into a 7-^ a -output state of the a-mode, where the 
transformation operator now becomes 

F(i 6o ) =yt(o col ...,o CWJ *) = K*|*>up£, (21) 

with the corresponding probability (§) of detecting photon presence in the out- 
going So-chaniiel being again 

P (l b0 ) = (yt(i 6o) y ( i 6o) ) 

= KWIL, (22) 
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Let us now address the question of maximising the probabilities ( p0|) and ( p2|) by 
a suitable choice of \^f). Because of (^1^) = ^2k=o K^l^)| 2 = 1) we have 

KwiLn^^+ir^KwiL,, (23) 

where 

N 

|$ p ) ;= (jV + l)~h imt "J2\ k ) ( 24 ) 

fc=0 

is a Pegg-Barnett phase state. Comparing ( p3| ) with ( p0[ ) and (p2[), we see that 
for the state (f24|), the maximal success probability is achieved. At the same time, 
( |18D reduces to = exp(ifc$), so that the term in ([16]) depending on the beam 
splitters Ut reads 

N / N \ 

II Cfc (0|^|0) CA = ex P id^A^U (25) 

fc=0 V fc=0 / 

and the ON/OFF-detectors D in figure §(a) become redundant. Note that ( f25|) 
acts in 7i a as a unitary operator PlJj^Pba = e 1<J,ata . 



3.2 Unconditional operation 

Let us have a look at figure |2](a) and assume that a device D$ is applied perform- 
ing a phase measurement such that at each trial some Pegg-Barnett phase state 
( |24|) is detected in the outgoing a-mode of device M. Devices accomplishing de- 
tection (or preparation) of states |$p) may be constructed based on the proposals 
made in |20||-|[25||. From ( Jl8| ) it follows that the action of the beam splitters [/& 
reduces to fl25|) and the ON/OFF-detectors D can therefore be removed. The 
possibility of a post-measurement implementation of an operator U$ defined by 
( p5|) according to the respective phase value <3> measured allows us to achieve the 
desired state transformation irrespective of $. In this way, each trail results in 
the desired state conversion. This can be described according to (|l|) if we use in 
place of ( |iD| ) an effective transformation operator 

t = Pba, (26) 

which includes the effect of post-measurement adaption applied. Accordingly, 
the respective success probability (fj) becomes (TPY) = 1. 

Consider now figure ||(b) with the incoming a-mode prepared in the phase 
state = |0p), so that (|18|) gives T^=l and the beam splitters Uk can be removed. 
Obviously, at each trial, one of the ON/OFF-detectors D clicks. The probability 
( |2"2"D of a click in channel &o and with it a successful state conversion becomes 
p{lb ) — (N + l) -1 . In general however, an ON/OFF-detector in an arbitrary 
channel clicks, and instead of ([H]) we have 

Y(l bk ) = (^|Mt| 0p ) = (N + 1)-*P£V? *. (27) 
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If fc^O, the ill-transformed output state may now be reconverted into its counter- 
part in Tib [e.g. by feeding it back into the device M using a mirror and running 
the setup as shown in figure 0(a)]. After subjecting it to a unitary transforma- 
tion V b k (implemented by a beam splitter array in the 6-channels), the original 
input state is reobtained. By feeding it again back into the setup figure 0(b) 
(e.g. by using another mirror in the 6-channels), we can start a new trial of state 
conversion. This procedure of bouncing the signal forward and backward is con- 
tinued until eventually the ON/OFF-detector in channel b Q clicks. The average 
number of trials needed until this happens is n = p(l{, )" 1 = N+l. In this way, 
each Hfe-input state of the 6-modes is sooner or later properly converted into its 
^-counterpart of the a-mode. This can again be described according to ([!]) if 
we use in place of ( |2T| ) an effective transformation operator 



T = PL (28) 

which includes all the procedures applied. Again, the respective success proba- 
bility (0) becomes (TPT) = 1. In summary, we see that the setups figure allow 
in principle a reversible conversion between states in the single-mode space 7i a 
and their counterparts in the multi-mode space Ti^. 



9 



4 Application to quantum state engineering 



4.1 Conditional operation 



Let us now consider the problem of realizing an arbitrary unitary or non-unitary 
transformation of a single-mode state g into another single-mode state g' accord- 
ing to ([!]). For this purpose, we combine the two state converters in figure [2] with 
two 2(N + l)-port beam splitter arrays and UU^ and N + 1 beam splitters £4, 
as shown in figure |3|. Since detection of a state ([Mp is assumed in the right-hand 
converter, the action of the separate beam splitters (and ON/OFF-detectors) in 
figure ||(a) reduces to (^1), and since preparation of the state (|24l) with $ = is 
assumed in the left-hand converter, the separate beam splitters in figure 0(b) are 
left out. 
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Figure 3: Combination of two quantum-state converters (figure^) with beam splitter arrays 
for realizing arbitrary transformations of single- mode quantum states g^ g' and arbitrary 
single-mode quantum state measurement (with the incoming a'-mode of the left-hand converter 
prepared in the vacuum state instead of |0p); see section ^). The elements in the dashed 
parentheses can be omitted if attention is restricted to unitary state engineering or orthogonal 
basis measurements. 



The detection of photon presence in the outgoing 6 - c hannel of the left-hand 
converter is equivalent to the detection of the state \<p ) |0) co • • • |0) CJV , so that, 
on measuring the state |$p) in the single-mode output channel of the right- 
hand converter and using the state |0p) as the single-mode input of the left-hand 
converter, the single-mode input state g is related to the single-mode output state 
g' according to ([!]), where 

f(l b0 ,$) = (^ol^plM'U^MlOp)!^) 

= (N+ l)- l Pl,A b P ba = (N + iy l Pl,P ba A a . (29) 
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Here, we have set A = UR with 

N \ / N 



^btbk 

\k=0 / \fc=0 



N 



R=Ui[U c k (0\Uk\0) Ck )Uk = uI[ U T / k ) U* (30) 

\fc=0 

acting in 7i b as an operator 

R b = (haPLMhaPD = J2 T MMMUr- (31) 

k=0 

In the first line of (|29|), we can replace A with 

A b = U b R b (32) 

and introduce A a = P b \A b P ba , which, together with ( [L9|) and (0), gives the sec- 
ond line of (p9[). The decomposition ([H|) reveals that the eigenbasis of R b can be 
controlled via the beam splitter array £/r, while the eigenvalues can be varied by 
the transmittances of the N+l beam splitters Uk in the dashed-line parenthe- 
ses. In particular, by choosing the Tk to be positive real, Tk e [0, 1], with the extra 
condition '52k =0 Tk = l, R b takes the form of any desired density-type operator. 
Assume now that there is the task of implementing the state transformation ([!]) 
associated with a given operator A = A5 acting in H b . Its polar decomposition A 
= U(A^A)2 (the unitary operator U is unique if A has an inverse) can for A ^ 
be written as 

A = Tr(A t A) s (DetU) ^ A norm , (33) 
where DetU = exp(Tr InU) and 

A - t {k ' k)l2 (34) 

(DetU)™ Tr(AtA)2 

is the product of an SU(iV+l)- and a density-type operator. By identifying ([34]) 
with ([32]), we see that any desired state transformation ([[]) defined by a given 
operator A can be implemented. A norm here serves as normalized representant of 
the class of all operators differing by multiplication with a c-number factor but 
giving rise to the same state transformation ([]]). 

The factor Tr(A^A)a however alters the success probability (0). Since we are 
not restricted to the extra condition J2k=o = 1, we may therefore choose the 
Tk G [0, 1] in order to maximize this probability, i.e., the joint probability 

P (i 6o ,$) = <yt(i 6o) $)f( Uo) $)) 

= (N + l)- 2 (RlR a ) (35) 

(R a = Pl a R b P ba ) of detecting photon presence in the outgoing 6 -channel and 
measuring the state |$p). We see that p(l bo , $) depends in general on the input 
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state q and may even identically vanish for certain inputs. (The case A\ — 6 
corresponding to = for which this happens for all input states has been 
excluded.) Two types of state transformations are of special interest: 

(i) Unitary transformations. 

They are obtained by choosing the values of the to be identical, = T, 
so that ([32|) reduces to A b = U{T ~ U b , while the success probability (|35|) 
becomes independent of the input state, p(U , $) =T 2 (N + l) -2 . Of partic- 
ular interest is the case T—l, allowing removal of the thus simplifying 
the setup while the same time the success probability is maximized. 

(ii) Projective transformations. 

They are obtained by choosing Ub = Pb a Pb a , so that (|32|) reduces to a positive 
operator, Ab = Rb, and confining the allowed values of the Tk to and some 
given T G [0, 1], so that Ab ~ A\ ~ A' b . Of particular interest is the case 
T k = 5 k i, leading in @ to 

A a = Ul a \l)(l\U R , a (36) 

$R,a = Pbcfi-Rpba)- The output state g' then becomes independent of the 
input state g, since in this case a projection onto the state U^Jl) is per- 



formed, and the success probability (|35|) reads 



p(l b0 ,$) = (N+l)- 2 (l\U R , a gUl a \l). (37) 
4.2 Unconditional operation 

So far, attention has been limited to the event of detecting photon presence in 
the outgoing &o-channel of the left-hand converter as well as a detecting in the 
right-hand converter a phase parameter $ given by the beam splitter array 
Alternatively, we may apply an U$ depending on the respective value $ measured 
and, if photon presence has been detected in one of the 6-channels of the left-hand 
converter, apply the procedure described in section (|3.2|) to obtain unconditional 
convertion into Ti a i . These additional procedures are taken into account by using 



in place of ( p9]) an effective transformation operator 



T(l 6 ) - P ba ,A b P ba - P ba ,P ba A a 

= (iV+l)F(l 6() ,$), (3* 



and in place of (^) we obtain 



P (l 6 ) = (f t(i 6 )f (i 6 )> = (ip a ) 

= (iV + l) 2 p(l b0 ,$) (39) 
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as the probability of detecting photon presence in one of the fe-channels of the 
left-hand converter. In particular, if the beam splitters in dashed parentheses in 
figure ^ are removed, Tk = 1, then at each trial, one of the ON/OFF-detectors 
D clicks, p(lb) = 1- In this way, any unitary transformation can be realized 
unconditionally. 



5 Application to quantum-state measurement 
5.1 Conditional operation 

We now consider the scheme in figure ||| with the incoming a'-mode of the left- 
hand converter prepared in the vacuum state |0') instead of |0 P ). In the event of 
registering photon presence in the channel and detecting the state |$p) in the 
single-mode output channel of the right-hand converter, ( |29| ) is replaced with 

Y (h k ,*) = (^K^plM'Uc^MlOObo) 

= (jV + l)-*|0')<A:|i«, (40) 

and the corresponding joint probability of registering photon presence in channel 
bk and the state |<&p) in the right-hand converter is given by 

= (N + iy l {k\A a QA\\k). (41) 

In this way, on recalling that A\ may be defined by its action on the basis states 
| A;), the overlaps of a state g with the members of an arbitrary set of states 
{k\A a A\\k)~z A\ \k), k = 0, . . . , N, can be measured. 

Of special interest is again the case when T^ = l for all k (figure ^ without 
the beam splitters in the dashed parentheses), so that A a = P£ a U b P ba = U a . The 
probability of detecting photon presence in the channel b^ conditioned on the 
measurement of |$p) thus becomes 

p(h k m = = (k\u a gui\k), (42) 

where follows from (p0[ ). In this way, the overlaps of the input state g with 
states Ul\k), k — 0,...,N, forming an orthonormal basis controlled by U can be 
measured. 

Measurements in two orthonormal bases are necessary to determine the ex- 
pectation value of a given operator Z = Z a acting in 7i a . This is seen from 
its Cartesian decomposition Z = Zp e + iZi m into the Hermitian operators Zp e = 
(Z + Z*)/2 and Zi m = (Z — V)/2i. Inserting the spectral decomposition of Zr 6 
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and Zi m , we obtain 



1 N 

(Z) = X)E iiA ^l^^i#)> (43) 

where the Xjf. and U^Ak) are the eigenvalues and eigenstates of Z Re (j=0) and 
Zim (j=l), respectively. An example is Z = \n)(m\, for which Ajfc = (5k n — 
5fcm)/2 so that (Z) = (m|^|n) is determined by measurements in the channels 
b n and b m alone, which are coupled by a symmetric beam splitter defined by 
(ip n \tj]\^ n ) = (<p m \U}\(p m }= i~ j {(p m \U}\cp n ) = -i~ j (cp n \U]\(p m )* = 2-2. Repeating 
these measurements for different m and n allows us to reconstruct the input state 
g from its matrix elements (m\g\n) in the Fock basis. 

The task of determining an unknown input state g may also be accomplished 
experimentally, without a subsequent reconstruction from measured data. This 
is seen from (|42|). Under variation of II, p(li,J$) becomes extremal iff U\\k) is 
an eigenstate of g [p6| . On the other hand, p(lbj$) cannot be greater than the 
greatest eigenvalue of g. We implement U according to 

U = U (N -i )N ■ ■ ■ Ui... n Uo...n (44) 

as a chain of 2(iV — k + l)-port beam splitter arrays Uk...N coupling the chan- 
nels fefc, . . . , b N to each other, and start by tuning Uq...n until the detector signal 
p(lb |$) obtained in channel &o is maximal. [The term detector signal in a given 
channel bk is here used for the relative frequency of clicks obtained with the 
ON/OFF-detector in this channel given the detection of |$p) under repetition 
of the experiment which approximates the probability p(l;, fc |$).] With regard to 
the operator U obtained in this way, the eigenvalue equation 

gUl\k)=p(l bk \<S>)Ul\k) (45) 

holds for k=0. We now keep Uo,,.n fixed and tune U\...n until the detector signal 
p(lb x |$) obtained in channel b\ is maximal. With this new resulting tuned overall 
operator (f4"ip, the eigenvalue equation ( f4"5| ) holds for fc=0,l. This procedure is 
continued until all beam splitter arrays Uk...N-> k = 0, . . . , N — 1, are tuned and 
(flop holds for all k. With the resulting operator U, we can now write the input 
state as 

N 

g = Y,P(h k mul\k)(k\U a , (46) 

k=0 

where the p(lf, fc |$) are the respective maximized detector signals obtained in 
channel bk- These are the eigenvalues of g in descending order. Note that in this 
way, the input state g has been diagonalized experimentally in the basis defined 
by the channels, because the multi-mode state entering the ON/OFF-detectors in 
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figure reads IJ QbU^ = Y,k=oP( 1 h\^)\ i Pk) (<^k\, where g b = P ba gP^ a is the converted 
state leaving the multi-mode output port of the right-hand converter, i.e., exiting 
the array U$. 

On the other hand, the p(l bk | cannot be smaller than the smallest eigenvalue 
of g, so that, instead of maximizing, we may equally well successively minimize 
the detector signals p(ljj<&). With these minimized detector signals and the 
operator U resulting from this procedure, we can write the input state again in 
the form of fl46|), where the p(l bk \<&) are now the eigenvalues of g in ascending 
order. However, the maximizing procedure has the advantage that the maximized 
detector signal p{l bo \<&) obtained after the first step gives us information about 
the purity of the input state g. If for the maximal value p(l(, |$) = 1 holds, then 
the input is pure, g = g 2 , and if p(l& |$) comes close to one we may stop the 
procedure after few steps if only approximate knowledge about g is desired. 

There is also the possibility of a quantum non-demolition measurement of 
pure and almost pure states. To see this, consider the situation as described 
by fl56p and fl57p. After tuning U R such that the probability fl57|) has become 
maximal, ( j36|) realizes a "purification" of the single-mode input state g while the 
optimized probability (|37|) tells us the overlap (fidelity) between (the unknown) 
input state g and the (known) output state g' = A a > = {Pl al P ba )A a {Pl a ,P ba ) Jl '. 



5.2 Unconditional operation 

Again, we may apply an U$ depending on the respective value $ measured, 
instead of considering only such events in which some fixed phase value has been 
detected. In place of (H) we therefore now have 

p(l h ) = (k\A a gAl\k) 

= (N + l)p(l bk ,$). (47) 

In this way, the measurement time can be reduced by the factor N+l. 
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6 Application to quantum telemanipulation 



6.1 Conditional operation 



Consider the setup figure |3|. The initial state g of the incoming a-mode of the 
right-hand converter is destroyed, whereas an engineered state g' of the spatially 
separated outgoing a'-mode emerges at the left-hand converter. This switch from 
mode a to mode a' is described in (f29[) by the operator P b \,P ba , which represents 
an isomorphism between the single-mode spaces TC a and TC a >. To operate the 
scheme it is not essential at which side the single-photon state |1) is prepared 
and at which it is detected. This is illustrated in figure (|, in which the output 
ports of the optical components in figure are used as input ports and vice versa. 
Moreover, U§ is replaced with U$. 



Bob 



1>- 



classical trigger signal to Bob 
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|0> |0) ••• |0) 
source of entangled state 
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Fi gure 4: Scheme for quantum telemanipulation. The input and output ports of the optical 
components in figure |§| are interchanged. Bob opens the shutter S only after having received 
confirmation from Alice that proper state detection has been realized. 

Instead of (|29|) , we now have 

= (jv + ly'PLAtha = (n + ly'PlAaA: 

= *-(lso,*) (48) 

{A* a = P^AlPba). Comparing (|48|) with (p9f), we see that the only change that 
must be made when going from figure [3] to figure ^ is replacing A b with its complex 
conjugate A\. However, the setup in figure [| performs, in contrast to that in 
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figure |3|, the state engineering as a conditional teleportation. This is seen by 
distinguishing between Alice, Bob, and the entangled state source as shown in the 
figure. Bob operates an optical shutter S letting his signal prepared in the output 
state g' pass only if he has received a classical trigger bit from Alice confirming the 
detection of the states |$p) and in the respective output channels of her state 
converter. The beam splitter arrays and the left-hand converter in figure ^ can be 
regarded as forming the source of the entangled state with a multi-mode output 
to Alice and a single-mode output to Bob. Since Bob's state g' can differ from 
Alice's state g by an arbitrarily chosen (unitary or non-unitary) transformation, 
the scheme combines teleportation and state engineering. In this sense, we may 
adopt the term "telemanipulation" . Clearly, when the source of the entangled 
state only consists of the left converter, so that A* a = P ba P ba , (|48| ) reduces to 
the mode switch operator mentioned in the beginning, Y te i(l bo , $) ~P 6 ' o ,P ba , and 
Bob's state becomes a copy of Alice's state. 

In order to investigate the differences between the schemes figure^ and figure [| 
we now remove the device D$ in both setups and consider the reduced single- 
mode states g Te d and ^ cd which are obtained at the a- and a'-output ports in 
that case. We start with figure [3]. At the single-mode output of the right-hand 
converter we obtain 

g ved := Tr Hb (M\<p ) 6 (<p \M^ 

N 

= "£\k)(k\g\k)(k\ (49) 

k=0 

and at the single-mode output of the left-hand converter (A3 := M't AUq>M) 



p(l 



60 

' F red (l 6 J£ red y/ ed (l 6o ), (50) 



bo 1 



where p(l 6o ) = Tr w Jft cd f/ cd (l b jy rcd (l b J] and Y red (l bo ) = (N + l)^Y(l bo , $) with 
Y(l bo , $) given in (p9~D- We see that both states depend on the input state g. If 



we remove the components between the converters, so that A a = P b ^ a P ba , then 
(|(|) coincides with (|9|), ^ ed = {P ba ,Pba)Qred(PL lP baY ■ If in particular the input 



state is a mixture of Fock states, g = g(a*a), we obtain additionally g ie d = g, so 
that ( fi9"| ) and ( |50| ) are two identical copies ("clones") of the input state g in this 
case. 

We now turn to figure Q which gives at the single-mode output of the right- 
hand converter (X 4 := M'^AU^M) 

Qred ■= ) TT n a , ^o\^lM\O l P )g(O l P \(<fo\X i \ip ) 
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- ^ ± H^Awm) wwan)(B|[ (51) 

where p(l bo ) = (iV+l)- 1 ^f =0 (A;| J Rt($) j R a ($)|A;)(A;|^|A;) and furthermore £„($):= 
e^i^e" 1 ^. We see that ft. e d still depends on the input state. In particular, 
for Tfc = 1, (|5lD turns into fl49|) . On the other hand, the input can even pass 



the right converter without disturbance, g ie d = g, if R a (®) is a projector onto the 
state |0p), (m\R a (^)\n) = (<f m \U^RbU^\<f n ) = (N + l) -1 . However, in contrast to 
figure ||, the reduced state at the single-mode output of the left-hand converter, 

g' ied := ^(m'I^IO^^pI^oIM'^ 

= {N + l)- l PlP ba ,, (52) 

is now independent of the input state g. Bob is left with "white noise" if Alice 
refuses to communicate with him. 



6.2 Unconditional operation 

Until now, we have assumed that Alice sends a classical trigger bit to Bob in 
case she has detected photon presence in channel b as well as a given value of 
the phase <3> defined by the construction of the entangled state source and Bob 
then opens the shutter S. Consider now an alternative situation in which, after 
detection of photon presence in some channel b^, Alice uses the classical channel 
to tell Bob the respective channel number k and phase value $ measured. ([48|) 
is then generalized to 

K tel (l 6fc ,$) = ( Vk \($ P \M^U^M'\0' P }\ip } 

= (N+iy'PlAlU^P^ (53) 

where U k ^ = U$,V*U*~ depends on the values k and $ detected. On Bob's side, the 
shutter S is replaced with state converters described in section (|3.2|) . Bob uses 
these to convert his respective output state g' into its multi-mode counterpart, 
to which a unitary transformation W ~ is applied by means of a beam splitter 
array, and eventually the transformed state is converted back into its single- 
mode counterpart. In order to describe the transformation of Alice's state g into 
Bob's modified state g" according to ([[]), we use in place of (|53|) an effective 
transformation operator 

f«(lfc,*) = (JV +1)^^/6^^1(16,,$) 

= PL'U^AtU k ^P ba , (54) 

which depends on k and $ if [A* b , U k ^\ ^ 6. In particular, if the beam splitters 
in dashed parentheses in figure [| are removed, = 1, then at each trial, one 
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of the ON/OFF-detectors D clicks, p(lb) = 1. A well known example is the 
unconditional teleportation, which is achieved by removing also the beam splitter 
array U, so that (|54]) reduces to Y to i(U fc , =Pl a iiPba- 
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7 Conclusion 



We have suggested a cross-Kerr interaction based device allowing conversion be- 
tween single- mode states truncated at some photon number N and (iV+l)-mode 
states whose total photon number is one. As possible applications with regard 
to single-mode states, we have considered the implementation of unitary and 
non-unitary transformations, overlap measurements with orthogonal and non- 
orthogonal sets of states, and telemanipulation. 

Throughout the work we have distinguished between a conditional and an 
unconditional mode of operation. Whereas the unconditional mode is based on 
detection and preparation of Pegg-Barnett phase states, the conditional mode 
may apply arbitrary states with non-zero Fock expansion coefficients. For exam- 
ple, if the outgoing a-mode of device M in figure 0(a) passes a separate (highly 
transmittive) beam splitter, whose second input port is prepared in a (strong) 
coherent state, then detection of photon absence in the first output port of this 
beam splitter by means of an ON/OFF-detector approximates the detection of 
a truncated coherent state, since the incoming a-mode of device M is by defini- 
tion prepared in a photon number truncated state. Within our work, attention 
has however been limited to Pegg-Barnett states (as well as lossless devices and 
perfect mode-matching), thus allowing a unified depiction of the principle. 
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A Proof of fllt>l) 



Let \F)b k = F(b k )\0) bk be an arbitrary single-mode state. From (14) it follows 
that 

c k ml\o) Ck \F) bk = c Ao\uiP(bl)u k ut\o) Ck \o) bk 



Ck (0\F(Tfbl + Rtcl)\0) Ck \0) b 



k 



"I 



T: bVbk F(bl)\0) bk 

Tf kk \F) bk , (55) 



and therefore 

Cfc (0|^|0> Cfc =T;^ fc (56) 
holds in general. The adjoint of this equation just yields 
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